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AC Web Exercise VI.2 Give an asymptotic expression for the number of rooted ordered trees
for which every node has 0, 2, or 3 children. How many bits are necessary to represent such a tree?

Solution. This class of trees has the construction

T = Z × SEQ0,2,3(T )

which translates to the OGF equation

T (z) = z(1 + T (z)2 + T (z)3).

This is a simple variety of trees, with characteristic function φ(u) = 1 + u2 + u3. Let λ =̇ 0.65730
be the real root of the characteristic equation φ(u) = 1 + u2 + u3 = uφ′(u) = 2u2 + 3u3. Let

α = φ′′(λ)
φ(λ) = 2+6λ

1+λ2+λ3
=̇ 3.46371, and let β = φ′(λ) = 2λ+ 3λ2 =̇ 2.61072. By the transfer theorem

for simple varieties of trees, we have the coefficient asymptotics

[zN ]T (z) ∼ 1√
2πβ

αNN−3/2 =̇ (0.21436)(3.46371)NN−3/2.

This is the approximate number of such trees with N nodes. The number of bits necessary to
represent such a tree has to be at least⌈

log2([z
N ]T (z))

⌉
∼̇ log2(.21436) +N log2(3.46371)− 3

2
log2(N)

=̇− 2.222 + (1.792)N − 3

2
log2(N).
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