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AofA Exercise 4.71 Show that

P (N) =
∑

0≤k<N

(N − k)!(N − k)k

N !
=
√
πN/2 +O(1).

Solution.
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=
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when k = o(N2/3).

To simplify this, first we simplify the error terms using the Taylor expansion for 1
1−x :
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=

k

N
· 1
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N

=
k

N

(
1 +

k

N
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N2 )

)
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N ), therefore O( k
N−k )→ O( k

N ).

(This works because k = o(N2/3).) Similarly,
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(N − k)2
=

k3

N2
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1
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=
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(
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k

N
+O(
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)
= O( k3

N2 ), therefore O( k3

(N−k)2
)→ O( k3

N2 ).
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For the leading term, we will compare it to e−k2/(2N):

e−k2/(2N+2K)

e−k2/(2N)
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− k2
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)
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)
→ e0 = 1 as N →∞, because k = o(N2/3).

Therefore we have e−k2/(2N+2K) ∼ e−k2/2N as N →∞.
Thus, we have the following relative approximation which holds for k = o(N2/3:

(N − k)!(N − k)k

N !
= e−k2/(2N)

(
1 +O

(
k

N

)
+O

(
k3

N2

))
.

To approximate P (N) =
∑

0≤k<N
(N−k)!(N−k)k

N ! , we define k0 to be an integer that is o(N2/3)
and split the sum into two parts (as in the proof of Theorem 4.8). When k0 < k ≤ N , the terms
are all exponentially small. So we can write

P (N) = 1 +
∑

1≤k≤k0

e−k2/(2N)

(
1 +O

(
k

N

)
+O

(
k3

N2
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+ ∆,

where ∆ represents a term that is exponentially small.
The rest of the analysis proceeds identically to the analysis of the Q-function in the proof of

Theorem 4.8. Therefore, the conclusion is the same as that of Theorem 4.8:

P (N) =
√
πN/2 +O(1).




