
COS 488 - Homework 3 - Question 4

Matt Tyler

Let q(N,k) = ln (N−k)
k
(N−k)!

N !
= k ln(N − k) + ln((N − k)!) − ln(N !). Then, by Stirling’s approximation, we

have that

q(N,k) = (N − k + 1

2
) ln(N − k) − (N − k) + ln

√
2π

− ((N + 1

2
) ln(N) −N + ln

√
2π) + k ln(N − k) +O ( 1

N
)

= (N − k + 1

2
)(ln(1 − k

N
) + ln(N)) − (N + 1

2
) ln(N) + k + k ln(N − k) +O ( 1

N
)

= (N − k + 1

2
) ln(1 − k

N
) − k ln(N) + k + k ln(N − k) +O ( 1

N
)

= (N + 1

2
) ln(1 − k

N
) + k +O ( 1

N
) .

Then, using the asymptotic expansion ln (1 − k
N
) = − k

N
− k2

2N2 +O ( k3

N3 ) , we have that

q(N,k) = (N + 1

2
) ln(1 − k

N
) + k +O ( 1

N
)

= (N + 1

2
)(− k

N
− k2

2N2
+O ( k

3

N3
)) + k +O ( 1

N
)

= −k − k2

2N
+O ( k

3

N2
) − k

2N
− k2

4N2
+O ( k

3

N3
) + k +O ( 1

N
)

= −k
2

2N
+O ( k

3

N2
) +O ( k

N
) .

Therefore,
(N − k)k(N − k)!

N !
= eq(N,k) = e −k

2

2N (1 +O ( k
3

N2
) +O ( k

N
)) .

Then, since N !
(N−k)!Nk also has this same asymptotic expansion and

N

∑
k=0

N !

(N − k)!Nk
=
√

πN

2
+O(1)

(and the only information about N !
(N−k)!Nk that we used in this derivation was that it had the asymptotic

expansion given above), we also have that

N

∑
k=0

(N − k)k(N − k)!
N !

=
√

πN

2
+O(1),

as desired.
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