
COS 488 Problem Set #3 Question #4

Tim Ratigan

February 23, 2017

N−1∑
k=0

(N − k)k(N − k)!

N !
=

N−1∑
k=0

k−1∏
j=0

(
N − k
N − j

)

=

N−1∑
k=0

exp

− k−1∑
j=0

log
N − j
N − k


=

N−1∑
k=0

exp

− k∑
j=1

log
N − k + j

N − k


=

N−1∑
k=0

exp

− k∑
j=1

log

(
1 +

j

N − k

)
=

N−1∑
k=0

exp

− k∑
j=1

(
j

N − k
+O

(
j2

(N − k)2

))
=

N−1∑
k=0

exp

(
− k(k + 1)

2(N − k)
+O

(
k3

(N − k)2

))

Note that when k = o(N2/3), we have 1
N−k = 1

N
1

1−k/N = 1
N (1 +O(k/N)) = 1

N +O
(

k
N2

)
. As a result,

k3

(N − k)2
=

k3

N2
+O

(
k4

N3

)
k(k + 1)

2(N − k)
=

k2

2(N − k)
+O

(
1

N

)
=
k2

2

(
1

N
+O

(
k

N2

))
+O

(
1

N

)
=

k2

2N
+O

(
k3

N2

)
+O

(
1

N

)
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the absolute contribution of the relative error is easily O(1). It then follows that:
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