COS 488 - Homework 4 - Question 1 o7

Matt Tyler

Let Zy denote the atom of one 0-bit, and let Z; denote the atom of one 1-bit. Let Bggg denote the class
of binary strings with no 00 (with |b| denoting the number of bits in b for each b € Bygg, and let E denote
the empty string. Then, an element of Bygg is either empty, a single 0-bit, a sequence of two 0-bits, or an
element of Bygg preceded by 1, 01, or 001. Therefore, we have the construction

BQOO:E+Z0+ZO><Z0+(Z1+Z0X21+Z0><Zo><zl)XBOO(),
which gives the OGF equation
Booo(z) =1+z+ 22+ (z+ 22+ zS)BOOO(z)

whose solutions is the equation
142+ 22
Bogo(z) = —————.
o00(2) 1-z-22-23

2 _ 23 has the following three roots:

1 2
a=-|V17+3V3 —3—1)
3 17+ 333

The expression 1 -z -z

51 (-1+iV3)V17+3V38  1+iV3 _1)
3 2 V17+3V33
1 (-1-iv3)Y17+3V33 1-iV3 )
y== + - -1
3 2 V17 +3/33

Therefore, since
|| ~ 0.5437 < 1.3562 ~ | 8] = |9/,

we have by the rational functions transfer theorem with f(z) =1+ 2+ 2% and g(z) =1 -2z - 22 - 22 that

fla) 1.839

[zn]BOOO(Z) ~ _g’(oz)oz"“ ~ (2'974)(0.5437n+1)

~ (1.137)(1.839™).

In other words, there are approximately (1.137)(1.839™) bitstrings of length n that do not contain 000.
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