
Note III.17 
David Luo 
 
First, lets mark the leaves in the construction of Cayley trees: 
 

(z, ) (SET (C(z, )) ET (C(z, )) SET (C(z, ))C u = z u − S 0 u + u 0 u  
(z, ) (e )C u = z C(z,u) + u − 1  

 
Perform Langrange Inversion where and :(x)f = x

e +u−1x (x)f ′ =
(e +u−1)x 2

e −xe +u−1x x  

 
![z ]C(z, ) ! [x ]( )n n u = n n

1 n−1 x
f (x)

n  
![z ]C(z, ) ! [x ](e )n n u = n n

1 n−1 x + u − 1 n  

![z ]C(z, ) ! [x ] e (u )n n u = n n
1 n−1 ∑

n

k=0
( )k

n kx − 1 n−k  

![z ]C(z, ) ! [x ] (u ) x kn n u = n n
1 n−1 ∑

n

k=0
( )k

n − 1 n−k ∑
k

i=1

1
i!

i i  

![z ]C(z, ) ! (u ) kn n u = n n
1 ∑

n

k=0
( )k

n − 1 n−k 1
(n−1)!

n−1  

n )! (u ) k= ( − 1 ∑
n

k=0
( )k

n − 1 n−k 1
(n−1)!

n−1  

(u ) k= ∑
n

k=0
( )k

n − 1 n−k n−1  

 
Now to find the number of size ​n​ trees with ​M​ leaves: 
 

u ]n![z ]C(z, ) u ] (u ) k[ M n u = [ M ∑
n

k=0
( )k

n − 1 n−k n−1  

u ]n![z ]C(z, ) u ] k u (− )[ M n u = [ M ∑
n

k=0
( )k

n n−1 ∑
k

i=0
( )i
n−k i 1 n−i−k  

( )k (− )= ∑
n

k=0
( )k

n
M

n−k n−1 1 n−M−k  

( )k (− )= ∑
n

k=0
( )n
M

n−M
n−M−k

n−1 1 n−M−k  

k (− )= ( )n
M ∑

n

k=0
( )k

n−M n−1 1 n−M−k  

 by the property (n )!= ( )n
M − M {n , n }− 1  − M !{n, M} k (− )M  = ∑

n

k
( )k

M n 1 n−M−k  

{n , n }= n!
M ! − 1  − M  
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This is the total count of Cayley trees with ​n ​nodes and ​M ​leaf nodes.  now to find the cumulative 
cost.  We want to look at the number of Cayley trees with ​n ​nodes and ​k ​branches.  The 
construction is similar to before: 
 

(z, ) (SET (C(z, )) ET (C(z, )) SET (C(z, ))C u = z u − S k u + u k u  

(z, ) (e u ) )C u = z C(z,u) + ( − 1 k!
C(z,u)k

 
 

 Perform Langrange Inversion where and :(x)f = x
e +(u−1)x /k!x k (x)f ′ =

(e +(u−1)x /k!)x k 2
e +(u−1)x /k!−x(e +(u−1)x /(k−1)!)x k x k−1

 

 
![z ]C(z, ) n )![x ](e u ) )n n u = ( − 1 n−1 x + ( + 1 k!

xk n
 

![z ]C(z, ) n )![x ] e (u )n n u = ( − 1 n−1 ∑
n

i=0
( )i
n x(n−i) + 1 i

k!i
xki  

![z ]C(z, ) n )![x ] ( ) x x (n )n n u = ( − 1 n−1 ∑
n

i=0
( )i
n

k!
u−1 i ki ∑

i

j=0

1
j!

j − i j  

n )![x ] ( ) x x (n )= ( − 1 n−1 ∑
n

i=0
( )i
n

k!
u−1 i ki ∑

i

j=0

1
j!

j+ki − i j  

n )! ( ) (n )= ( − 1 ∑
n

i=0
( )i
n

k!
u−1 i 1

n−ki−1 − i n−ki−1  

![z ]C (z, ) (n )n n
u 1 = n

k!
(n−1)!

(n−k−1)! − 1 n−k−1  

![z ]C (z, ) ( )(n )n n
u 1 = n k

n−1 − 1 n−k−1  
 

Now divide to find the average number of nodes with ​k ​branches: 
 

(n, ) ( )(n )μ k = n
nn−1 k

n−1 − 1 n−k−1  

(n )~ n
nn−1 k!

(n−1)k

− 1 n−k−1  
(1 )~ n − n

1 n−1 1
k!  

e~ n −1 1
k!  
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