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An integer (with no zeros) can be thought of as a word from the alphabet A of the digits
1 through 9, which can symbolically be specified as SEQ(A). We will use marker variables
u1, u2, · · · , u9 to mark the occurrences of each digit, yielding the following MGF for integers
with no zeros

I = SEQ (A)

I(z,u) =
1

1− (u1 + u2 + · · ·+ u9)z
.

The number of integers of the specified form (having exactly one 1, two 2s, etc.) can be
extracted as the appropriate coefficient of I(z), which is the multinomial coefficient as described
on page 187 of the Analytic Combinatorics book):[

z45u1
1u

2
2 · · ·u9

9

]
I(z,u) =

(
45

1, 2, · · · , 9

)
=

45!

1!2! · · · 9!
:= W.

This makes sense combinatorially: Integers with one 1, two 2s, three 3s, etc. can be constructed
by first lining up all the 1 + 2 + · · · + 9 = 45 digits, then dividing by the number of ways we can
permute the same digit.

We have computed the number of such integers above as a multinomial coefficient W . We note
that the sum of the digits of any such integer is 1 + 22 + 33 + · · ·+ 99 = 285, so the sum of all the
digits of all such integers is the product 285W . Finally, dividing that by the 45 possible positions
in every such number, we obtain the sum of the digits in any given position in all such integers
(e.g. the sum of the rightmost digit in all such integers, which, by symmetry, should be the same
for every position): 285W/45 = 19

3
W .

The process of summing all these integers can be broken down into summing the digits in every
position:

S =
19

3
W (

44∑
i=0

10i) =
19

3

45!

1!2! · · · 9!
(

44∑
i=0

10i).

Note that multiplying a number x by
∑k−1

i=0 10
i can be thought of as adding the x to itself k times,

shifted left every time. After moving left from the rightmost position for long enough, we get to
a point where the given digit represents the iterative sum of the digits of x (the result of summing
the digits of x and repeating the process recursively until we are left with a single digit).
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We observe that what is getting multiplied by
∑44

i=0 10
i here is divisible by 9. This is the case

since the exponent of 3 in the factorization of the denominator of the multinomial coefficient 13,
while the exponent of 3 in the numerator is at least 45/3=15. Therefore, the iterated digit-summing
process will result in the singleton digit 9 (since the sum of the digits of a number has the same
remainder modulo 9 as does the original number), explaining the occurrence of the long run of 9s
in the middle of S.
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